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Abstract
In this article a procedure to construct bent functions from Fpn
to Fp by merging plateaued functions which are bent on (n − 2)-
dimensional subspaces of Fpn is presented. Taking advantage of such
classes of plateaued functions with a simple representation as mono-
mials and binomials, we obtain infinite classes of bent functions with
a fairly simple representation. In particular we present the first direct
construction of univariate not weakly regular bent functions, and give
one class explicitly in a simple representation with binomials.
Keywords: Bent function; partially bent function; Fourier transform; not
weakly regular; quadratic function; polynomial.
1 Introduction
Let Vn be an n-dimensional vector space over the prime field Fp. A function
f : Vn → Fp is called a bent function if its Fourier transform f̂ defined by
f̂(b) =
∑
x∈Vn
ǫf(x)−<b,x>p
satisfies |f̂(b)|2 = pn for all b ∈ Vn, where ǫp = e
2πi/p and <,> denotes any
(non-degenerate) inner product on Vn. Classical representations for bent
functions are the multivariate representation where Vn = F
n
p , in this case one
may use the conventional dot product as inner product, and the univariate
representation where Vn = Fpn, in which case one may use< b, x >= Trn(bx)
as inner product, where Trn(z) denotes the absolute trace of z ∈ Fpn .
For p = 2, bent functions can only exist when n is even, the Fourier
coefficients f̂(b) are then obviously ±2n/2. For p > 2 bent functions exist
for both, n even and n odd. For the Fourier coefficients we then always have
1
(cf. [6])
p−n/2f̂(b) =
{
±ǫ
f∗(b)
p : n even or n odd and p ≡ 1 mod 4
±iǫ
f∗(b)
p : n odd and p ≡ 3 mod 4
(1)
where f∗ is a function from Vn to Fp. A bent function f : Vn → Fp is called
regular if for all b ∈ Vn
p−n/2f̂(b) = ǫf
∗(b)
p .
When p = 2, a bent function is trivially regular, and as can be seen from
(1), for p > 2 a regular bent function can only exist for even n, and for odd
n when p ≡ 1 mod 4. A function f : Vn → Fp is called weakly regular if, for
all b ∈ Fnp , we have
p−n/2f̂(b) = ζ ǫf
∗(b)
p
for some complex number ζ with |ζ| = 1, otherwise it is called not weakly
regular. By (1), ζ can only be ±1 or ±i. Note that regular implies weakly
regular. All classical construction of bent functions yield (weakly) regular
bent functions.
Based on earlier constructions of Boolean bent functions from near-bent
functions (see [5, 9]) in [2, 3] constructions of p-ary bent functions have been
presented. In these constructions functions in lower dimensions are merged
to a bent function by adjoining variables. The resulting bent functions are
given in multivariate form [2, 4], or as functions from Fpn−1 × Fp to Fp
[3]. The construction turns out to be very powerful, for instance the first
infinite classes of not weakly regular bent functions have been obtained.
Until then only sporadic examples of not weakly regular bent functions were
known, all given as univariate polynomials of the form f(x) = Trn(g(x)) for
a polynomial g(x) ∈ Fpn [x], see [6, 7, 13].
The objective of this paper is to develop an equivalent construction for
the univariate case, i.e. for functions from Fpn to Fp, which is more involved
as we cannot simply add variables to the finite field Fpn. Amongst others,
sets of functions which are bent on (n−2)-dimensional subspaces of Fpn are
required. We take advantage of particularly simple representations of some
classes of such functions (as monomials and binomials), and thereby obtain
bent functions from Fpn to Fp in a simple representation. Among those,
we present the first direct construction of infinite classes of univariate not
weakly regular bent functions.
In Section 2 we develop the principles of the construction and we give an
explicit formula for bent functions from Fpn to Fp obtained from functions
which are bent on subspaces. This description of the functions enables us
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also to find the representation with a unique polynomial of degree at most
pn − 1. In Section 3 we use classes of monomials and binomials to obtain
univariate (not) weakly regular bent functions in a simple representation.
Explicitly we describe an infinite class of not weakly regular bent functions.
Some examples are given in the appendix.
2 A construction of bent polynomials
For a function f : Vn → Fp and an element a ∈ Vn, the derivative Daf :
Vn → Fp of f in direction a is defined by Daf(x) = f(x + a) − f(x). As
well known, f is bent if and only if Daf is balanced for all nonzero a ∈ Vn,
see [12]. An element a ∈ Vn for which Daf is constant is called a linear
structure of f . As easily seen, the set Λ of the linear structures of f forms
a subspace of Vn, which we call the linear space of the function f . We have
f(x+ a) = f(x) + f(a)− f(0) for all a ∈ Λ, x ∈ Vn. (2)
In particular, if f(0) = 0, then equation (2) implies that f is linear on Λ.
A function f : Vn → Fp is called partially bent if for all a ∈ Vn the
derivative Daf is either balanced or constant. The set of partially bent
functions is a subset of the set of plateaued functions, which is the set of
functions f : Vn → Fp for which f̂(b) = 0 or |f̂(b)| = p
(n+s)/2 for all b ∈ Vn
and a fixed integer s, 0 ≤ s ≤ n, depending on f . This can easily be seen in
the calculations below, applying the standard Welch-squaring method. In
accordance with [2], we call plateaued functions f from Vn to Fp for which
s = 1 as near-bent functions. We remark that when p = 2, also the term
semi-bent function is used for plateaued functions with s = 1 and n odd or
s = 2 and n even, see [5].
Let f be a partially bent function with linear space Λ of dimension s as
a subspace of Vn. Without loss of generality we will always suppose that
f(0) = 0, and hence f(x+ a) = f(x) + f(a) if a is a linear structure of f .
We then have
|f̂(b)|2 =
∑
x,y∈Vn
ǫf(x)−f(y)−<b,x−y>p =
∑
y,z∈Vn
ǫf(y+z)−f(y)−<b,z>p
=
∑
z∈Vn
ǫf(z)−<b,z>p
∑
y∈Vn
ǫf(y+z)−f(y)−f(z)p .
Using that f(y + z) − f(y)− f(z) is balanced as a function in variable y if
3
z 6∈ Λ, we get
|f̂(b)|2 = pn
∑
z∈Λ
ǫf(z)−<b,z>p =
{
pn+s if f(z)− < b, z >≡ 0 on Λ,
0 otherwise,
(3)
where in the last step we use that f is linear on Λ. Defining the support of
the Fourier transform of f by supp(f̂) := {b ∈ Vn : f̂(b) 6= 0}, it follows
from equation (3) that b ∈ supp(f̂) if and only if f(z)− < b, z >≡ 0 on Λ.
Parseval’s identity ∑
b∈Vn
|f̂(b)|2 = p2n,
then implies |supp(f̂)| = pn−s.
Remark 1 As it can be seen from equation (3), supp(f̂) depends on the
inner product <,> which is used. Consequently, to be precise one may
define the support of f̂ with respect to the inner product <,>. As well
known the absolute values appearing in the Fourier spectrum {f̂(b) | b ∈ Vn}
of f are independent of the (non-degenerate) inner product. In particular,
the property of being s-plateaued is independent from <,>.
We will use the following result on partially bent functions (see [1, Theo-
rem]).
Lemma 1 Let f : Vn → Fp be a partially bent function with linear space Λ
and let Λc be any complement of Λ in Vn. Then f restricted to Λ
c is a bent
function.
A well understood class of partially bent functions is the class of quadratic
functions, see [2, 6]. For more information on partially bent functions we
refer the reader to [1].
For the construction of bent functions from Fpn to Fp we will employ
partially bent functions f with a two dimensional linear space Λ = 〈β1, β2〉.
For simplicity we fix an inner product < u, v >= Trn(δuv) on Fpn with
respect to which the orthogonal complement Λ⊥ of Λ is a complement Λc
of Λ, and we further suppose that < β1, β2 >= 0. Note that this implies
< β1, β1 >= ℓ 6= 0 and < β2, β2 >= t 6= 0. Conversely, the properties
< β1, β2 >= 0, < β1, β1 >= ℓ 6= 0 and < β2, β2 >= t 6= 0 imply that
Λ ∩ Λ⊥ = {0}, and hence that Λ⊥ is a complement of Λ. We remark
that given β1, β2 ∈ Fpn (linearly independent over Fp), one can always find
δ ∈ Fpn such that Trn(δβ1β2) = 0, Trn(δβ
2
1 ) 6= 0 and Trn(δβ
2
2 ) 6= 0. Some
properties of this inner product are used in the proof of Lemma 2, some are
used in the proof of Theorem 1 below, see also Remark 2.
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For a partially bent function f : Fpn → Fp with linear space Λ = 〈β1, β2〉
we fix the following notation:
- f|n−2 is the function f restricted to Vn−2 := Λ
c,
- f|n−1 is the function f restricted to Vn−1 := 〈β2〉+ Λ
c,
- f̂|n−2 is the Fourier transform of f|n−2,
- f̂|n−1 is the Fourier transform of f|n−1.
The following lemma shows that f given as above is near-bent with linear
space 〈β2〉 when restricted to Vn−1 = 〈β2〉 + Λ
c. We consider the case of
Λc = Λ⊥ with an inner product defined as above.
Lemma 2 Let f : Fpn → Fp be a partially bent function with linear space
Λ = 〈β1, β2〉, and let Vn−1 = 〈β2〉+Λ
c. Then f |n−1 : Vn−1 → Fp is near-bent
with linear structure 〈β2〉.
Proof: Supposing that <,> satisfies the above described conditions, we
observe that <,> also defines a non-degenerate inner product on Vn−1 and
on Vn−2 = Λ
⊥ = Λc. Further we know that < β2, β2 >= t 6= 0. Obviously
the linear structure β2 of f is also a linear structure of f|n−1. For an element
b = b2β2 + y ∈ Vn−1, b2 ∈ Fp, y ∈ Vn−2 = Λ
c, with (2) we then have
f̂|n−1(b) =
∑
c∈Fp
∑
x∈Λc
ǫf(cβ2+x)−<b2β2+y,cβ2+x>p =
∑
c∈Fp
ǫf(cβ2)−b2ctp
∑
x∈Λc
ǫf(x)−<x,y>p
= f̂|n−2(y)
∑
c∈Fp
ǫcf(β2)−b2ctp =
{
0 if b2 6= f(β2)/t,
pf̂|n−2(y) if b2 = f(β2)/t.
Consequently by Lemma 1, f|n−1 is near-bent. ✷
With the following proposition we can generate sets of p near-bent functions
on Vn−1 such that every element of Vn−1 is in the support of the Fourier
transform for exactly one function in the set.
Proposition 1 Let f0, . . . , fp−1 be partially bent functions from Fpn to Fp,
all with the same linear space Λ = 〈β1, β2〉, and for 0 ≤ k ≤ p − 1 let
γk ∈ Vn−1 be such that
fk(β2)+ < γk, β2 >= f0(β2) + k. (4)
The functions gk|n−1 : Vn−1 → Fp defined by
gk(x) = fk(x)+ < γk, x >, k = 0, 1, . . . , p− 1 (5)
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(restricted to Vn−1) form a set of near-bent functions with supp(ĝj |n−1) ∩
supp(ĝk |n−1) = ∅ if j 6= k.
Proof: By the above discussion it is guaranteed that fk|n−1 , i.e. fk restricted
to Vn−1, is near-bent with linear space 〈β2〉 for all k = 0, . . . , p−1. We have
to show that the addition of the linear functions < γk, x > to the functions
fk separates the supports of the Fourier transforms of the corresponding
functions on Vn−1. By equation (3), b ∈ Vn−1 is an element of supp(ĝk|n−1)
(with respect to the inner product <,>) if and only if gk(β2)− < b, β2 >= 0.
Suppose that b ∈ supp(ĝk|n−1)∩supp(ĝj |n−1) for some 0 ≤ k, j ≤ p−1. Then
0 = fk(β2)+ < γk, β2 > − < b, β2 >= f0(β2) + k− < b, β2 >
= fj(β2)+ < γj, β2 > − < b, β2 >= f0(β2) + j− < b, β2 >,
and hence j = k. Since as a consequence of Parseval’s identity we have
|supp(ĝk |n−1)| = p
n−2, the result follows. ✷
We remark that though the support of a near-bent function depends on the
considered inner product, by the method of Proposition 1 one obtains a set
of p near-bent functions such that every element b of Vn−1 is in the support
of the Fourier transform for exactly one function, independent of the inner
product used.
Theorem 1 Let <,> be an inner product on Fpn and let β1 ∈ Fpn be such
that < β1, β1 >= ℓ 6= 0, let g0, . . . , gp−1 be functions from Fpn to Fp with
linear structure β1, and suppose that the restrictions gk|n−1 to Vn−1 = 〈β1〉
⊥
are near-bent and supp(ĝj |n−1)∩supp(ĝk |n−1) = ∅ if j 6= k. With γ = ℓ
−1β1,
the function F : Fpn → Fp
F (x) = −
p−1∑
k=0
p−1∏
j=0
j 6=k
(< γ, x > −j)gk(x) (6)
is bent.
Proof: Since < β1, β1 >= ℓ 6= 0, the orthogonal complement Vn−1 = 〈β1〉
⊥
is a complement of 〈β1〉, and <,> is a non-degenerate inner product on
Vn−1. Let x = c1β1 + y, c1 ∈ Fp, y ∈ Vn−1, be the unique representation
of x ∈ Fpn as a sum of elements of V
⊥
n−1 = 〈β1〉 and Vn−1. Then using
< γ, β1 >= ℓ
−1 < β1, β1 >= 1 and 〈β1〉 = V
⊥
n−1 we obtain
< γ, x > −j = c1 < γ, β1 > + < γ, y > −j = c1 − j.
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Hence
∏p−1
j=0
j 6=k
(< γ, x > −j) vanishes if k 6= c1 and for k = c1 we have∏p−1
j=0
j 6=k
(< γ, x > −j) = −1. Consequently,
F (x) = gc1(x) = gc1(c1β1 + y) = gc1(c1β1) + gc1(y),
where in the last step we use that β1 is a linear structure of gc1 .
Let b = b1β1 + z, b1 ∈ Fp, z ∈ Vn−1. Again using Vn−1 = 〈β1〉
⊥ we then get
F̂ (b1β1 + z) =
∑
y∈Vn−1
c∈Fp
ǫgc(cβ1+y)−<b1β1+z,cβ1+y>p
=
∑
c∈Fp
ǫgc(cβ1)−b1cℓp
∑
y∈Vn−1
ǫgc(y)−Trn(zy)p =
∑
c∈Fp
ǫgc(cβ1)−b1clp ĝc|n−1(z).
Since every z ∈ Vn−1 is in the support of ĝc|n−1 of exactly one c, for this c
we then have
F̂ (b1β1 + z) = ǫ
gc(cβ1)−b1cℓ
p ĝc|n−1(z),
and therefore |F̂ (b1β1 + z)| = p
n/2
✷
The near-bent functions on Vn−1 constructed in Proposition 1 together with
the inner product <,> considered in the proposition satisfy the assumptions
of Theorem 1, and we can suggest the following procedure for constructing
bent polynomials:
- Choose p partially bent functions fk : Fpn → Fp, 0 ≤ k ≤ p − 1, all
with the same 2-dimensional linear space Λ = 〈β1, β2〉.
- Choose an inner product < u, v >= Trn(δuv) on Fpn such that
< β1, β2 >= 0, and Λ
⊥ with respect to this inner product is a com-
plement of Λ. We remark that therefore it is sufficient that δ satisfies
Trn(δβ1β2) = 0, Trn(δβ
2
1 ) = ℓ 6= 0 and Trn(δβ
2
2 ) = t 6= 0.
- For k = 0, . . . , p − 1 choose γk ∈ Vn−1 = 〈β1〉
⊥ which satisfy equa-
tion (4), to obtain the functions gk defined as in equation (5). We
emphasize that such elements γk always exist.
- With γ = ℓ−1β1 construct the function F : Fpn → Fp given as in
equation (6).
Remark 2 For the construction of bent functions it is sufficient to assume
that < β1, β1 >= ℓ 6= 0 and < β1, β2 >= 0. For Vn−1 = 〈β2〉+Λ
c in Theorem
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1 one can then take 〈β1〉
⊥. In this case, all properties needed in the proof of
Theorem 1 hold but Λ⊥ may not be a complement of Λ with respect to this
inner product. Then a different inner product has to be considered for the
proof of Lemma 2 where the orthogonality of β2 and Λ
c, and < β2, β2 >=
t 6= 0 is needed.
The representation of the bent function in Theorem 1 with a closed formula
enables also the determination of the corresponding unique polynomial in
Fpn [x] of degree at most p
n − 1. As one may expect, in general this repre-
sentation does not look simple at all (see the examples in Section 3 and in
the appendix). As pointed out in the following corollary, we have a rather
simple representation for the functions defined in (6) originated in their
construction principle.
Corollary 1 Let fk : Fpn → Fp, 0 ≤ k ≤ p − 1, be partially bent func-
tions all with the same 2-dimensional linear space Λ = 〈β1, β2〉 and let
< u, v >= Trn(δuv) for an element δ ∈ Fpn such that < β1, β1 >= l 6= 0, and
< β1, β2 >= 0. For k = 0, . . . , p − 1, let γk ∈ Vn−1 = 〈β1〉
⊥ be such that
fk(β2)+ < γk, β2 >= f0(β2) + k. Then with gk(x) := fk(x)+ < γk, x >,
k = 0, . . . , p− 1, and γ = l−1β1 the function
F (x) = g<γ,x>(x)
is a bent function.
Proof: Observing that all requirements for the function defined as in (6)
to be bent are satisfied, the statement follows since (6) reduces to gk(x) if
< γ, x >= k. ✷
3 (Not) weakly regular bent polynomials from quadratic
monomials and binomials
The simplicity of the representation of the bent functions in Corollary 1
equals the simplicity of the ingredient partially bent functions fk. Hence the
above procedure for the construction of bent functions motivates the study
of partially bent functions from Fpn to Fp with a 2-dimensional linear space
and a simple representation. Since all quadratic functions are partially bent,
it is natural to analyse elements of this class of functions (see e.g. [5, 11])
starting with monomials and binomials (in trace form).
For quadratic monomials f(x) = Trn(αx
pr+1) the Fourier coefficients are
known. The subsequent lemma gives the conditions under which we have a
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linear space of dimension 2. For a proof for p odd we refer to [3, Theorem
1], the case p = 2 follows straightforward with the same approach.
Lemma 3 Let f(x) = Trn(αx
pr+1), let g be a primitive element of Fpn, and
suppose that α = gc.
1. If p = 2, then f is 2-plateaued if and only if
(i) n ≡ 0 mod 4, r is odd and 3 divides c, or
(ii) n ≡ 2 mod 4, and r is even or 3 divides c.
2. If p is odd, then f is 2-plateaued if and only if n is even, r is odd, and
c satisfies the equation y(p2 − 1) + c(pr − 1) = (pn − 1)/2 for some
integer y.
The following proposition presents an infinite class of quadratic binomials
with a 2-dimensional linear space.
Proposition 2 Let p be an odd prime, n a positive integer divisible by
3, and let r = 2κ for an integer κ ≥ 0. The quadratic binomial f(x) =
Trn(
p+1
2 x
2 + xp
r+1) has a 2-dimensional linear space if and only if κ = 0,
or κ ≥ 1 and n is odd.
Proof: With the standard Welch-squaring method we see that the linear
space Λ of f is the kernel of the linearized polynomial (cf. [2, Equation(3.2)])
L(x) = xp
r
+ xp
2r
+ x ∈ Fpn [x].
The dimension of Λ is then the degree of gcd(xn − 1, A(x)) = a(x) where
A(x) = xr + x2r + 1 is the associate of L(x), if a(x) =
∑
aix
i, then the
kernel of L(x) is the set of all solutions of
∑
aix
pi , see [10, p.118]. We recall
that when n = n1p
v, gcd(n1, p) = 1, then the polynomial x
n − 1 ∈ Fpn [x]
can be factored as
xn − 1 =
∏
d|n1
(Φd(x))
pv ,
where Φd(x) ∈ Fpn [x] is the dth cyclotomic polynomial which has degree
ϕ(d). Using that Φ6(x) = x
2 − x + 1 and Φ6(x
2j ) = Φ6·2j (x) for j ≥ 0, we
see that for r = 2κ, κ ≥ 0, the polynomial A(x) factors as
A(x) = x2
κ+1
+ x2
κ
+ 1 = (x2 + x+ 1)
κ∏
j=1
(x2
j
− x2
j−1
+ 1)
= Φ3(x)
κ−1∏
j=0
Φ6(x
2j ) = Φ3(x)
κ−1∏
j=0
Φ6·2j(x) =
κ∏
j=0
Φ3·2j(x).
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(For κ = 0 the empty product
∏κ
j=1(x
2j−x2
j−1
+1) is defined as 1.) Trivially
the statement of the proposition holds for κ = 0. If p 6= 3 then for all
cyclotomic polynomials Φm(x) which appear in the above factorizations of
xn − 1 and of A(x) we have gcd(m, p) = 1. Using that under this condition
different cyclotomic polynomials are relatively prime, for κ ≥ 1 we have
gcd(xn− 1, A(x)) = Φ3(x) when n is odd, and Φ3(x)Φ6(x) divides gcd(x
n−
1, A(x)) when n is even. Since Φ3(x) = (x+2)
2 for p = 3, we have xn− 1 =
(x − 1)Φ3(x)
∏
d|n1
d>1
(Φd(x))
3v and A(x) = Φ3(x)
∏κ−1
j=0 (x
2j + 1)2. The roots
of x2
j
+ 1 are primitive 2j+1th roots of unity, which are not roots of xn − 1
when n is odd. If n is even, then obviously Φ3(x)Φ2(x) = (x − 1)
2(x + 1)
divides gcd(xn − 1, A(x)). ✷
With Lemma 3 and Proposition 2 infinitely many bent functions given as
in Theorem 1 and Corollary 1 can be constructed, which have a fairly simple
description using monomials (plus a linear term) and binomials, respectively.
We first give an example for the construction of a Boolean bent function with
a simple representation using monomials. Some further examples are given
in the appendix.
Example 1 Let g be a primitive element of F26 satisfying g
6 = g4+g3+g+1,
i.e. g is a root of the primitive polynomial x6 + x4 + x3 + x + 1 ∈ F2[x].
According to Lemma 3, the functions
f0(x) = Tr6(gx
5) and f1(x) = Tr6(g
22x5)
are 2-plateaued functions from Fpn to Fp. For both functions the linear space
is Λ = 〈β1, β2〉 with β1 = g
25 = g3 + g2+1, β2 = g
46 = g4+ g3+ g2+1. We
then have Tr6(β
2
1) = 1, Tr6(β1β2) = 0, Tr6(β
2
2) 6= 0. We apply Proposition
1 choosing γ0 = 0 and γ1 = g
3, and obtain the near-bent functions from V5
to F2
g0|5(x) = Tr6(gx
5) and g1|5(x) = Tr6(g
2x5 + g3x)
with supp(ĝ0|5) ∩ supp(ĝ1|5) = ∅. We apply Theorem 1 with γ = β1 = g
25
and obtain the bent function F (x) as
F (x) = (Tr6((g
3 + g2 + 1)x) + 1)Tr6(gx
5) + Tr6((g
3 + g2 + 1)x)Tr6(g
22x5)
= Tr6((g
3 + g2 + 1)x)Tr6((g + g
22)x5) + Tr6(gx
5).
In view of Corollary 1, F is described as F (x) = Tr6(gx
5) if Tr6((g
3 + g2 +
1)x) = 0 and F (x) = Tr6(g
22x5) otherwise.
Expanding the trace terms we get the unique representation of F (x) as a
10
polynomial of degree at most 26 − 1, as one expects, as a rather complicated
expression
F (x) = g51x56 + g27x52 + g12x50 + g39x49 + g2x48 + g3x44 + x42 + g54x41
+ g24x40 + g27x38 + g24x37 + g15x35 + g33x34 + g4x33 + g7x32 + g57x28
+ g45x26 + g6x25 + gx24 + g33x22 + x21 + g12x20 + g45x19 + g48x17
+ g35x16 + g60x14 + g54x13 + g32x12 + g48x11 + g6x10 + g49x8 + g30x7
+ g16x6 + g3x5 + g56x4 + g8x3 + g28x2 + g14x.
The Fourier spectrum of F is the multiset {−828, 836}, where the integer in
the exponent denotes the multiplicity of the corresponding Fourier coefficient
in {F̂ (b) | b ∈ Fpn}. The algebraic degree of F is 3.
We are particularly interested in a first direct construction of not weakly
regular bent functions in the framework of finite fields. Taking advantage of
the binomial description of 2-plateaued partially bent functions in Proposi-
tion 2, in the subsequent corollary we present an infinite class of not weakly
regular bent functions in arbitrary odd characteristic with a simple descrip-
tion.
Corollary 2 For an odd integer n divisible by 3, let β1, β2 be solutions in
Fpn of x
p2 + xp + x (which are linearly independent over Fp), let δ ∈ Fpn
such that Trn(δβ
2
1 ) = l 6= 0 and Trn(δβ1β2) = 0 and let Γ ∈ F
n
p such that
Trn(δΓβ2) = t 6= 0. Let r = 2
κ, κ ≥ 1, a0 = 1, c0 = 0, and for ak ∈ F
∗
p let
ck ∈ Fp, 1 ≤ k ≤ p− 1, be given as
ck = t
−1[(1− ak)∆ + k], where ∆ = Trn(
p + 1
2
β22 + β
pr+1
2 ). (7)
Then the function
F (x) = aTrn(δΓx)Trn(
p + 1
2
x2 + xp
r+1) + cTrn(δΓx)Trn(δΓx) (8)
is bent. It is not weakly regular if and only if ak is a nonsquare in Fp for
some 1 ≤ k ≤ p− 1.
Proof: By the proof of Proposition 2, the 2-dimensional linear space of the
partially bent function f(x) = Trn(
p+1
2 x
2 + xp
r+1) consists of the solutions
of xp
2
+ xp + x. Hence with this choice of β1, β2 and δ the requirements in
Corollary 1 are satisfied. Let fk(x) = akf(x), then with the definition of ck in
(7), the partially bent functions fk satisfy fk(β2)+Trn(δΓkβ2) = f0(β2)+k,
11
i.e. the functions gk(x) := fk(x)+ckTrn(δΓx) satisfy supp(ĝk)∩supp(ĝj) = ∅
for 0 ≤ l 6= k ≤ p− 1. With Corollary 1 the function F (x) is bent.
By Theorem 1 in [4], since n is odd, the nonzero Fourier coefficients of
f(x) change the sign if we multiply f(x) by a nonsquare in Fp (see also [2,
Theorem 4.3]). Since we choose g0(x) = f0(x) = f(x), we combine partially
bent functions with Fourier coefficients of opposite sign if at least for one
1 ≤ k ≤ p−1 the coefficient ak is a nonsquare. For details on this technique
of obtaining not weakly regular bent functions we refer to [2, 4]. ✷
We remark that β1, β2, the solutions of the linearized polynomial x
p2 +
xp + x (which can be determined with standard methods using linear sys-
tems) are independent of n. For x ∈ Fpn , the value of the linear term
k = Trn(δΓx) decides on the coefficient ak for the binomial part in (8) and
the coefficient ck for the linear part in F (x) in (7).
4 Conclusion
Based on earlier constructions of Boolean bent functions from near-bent
functions (see [5, 9]), in [2, 3] constructions of bent functions in arbitrary
characteristic have been presented. Amongst others, with these construc-
tions the first infinite classes of not weakly regular bent functions were ob-
tained. The functions are given in multivariate form or as functions from
F
n−1
p × Fp to Fp. Until then only sporadic examples of not weakly regular
bent functions have been found via computer search, [6, 7, 13]. All of these
sporadic examples were given in univariate form, i.e. as functions from Fpn
to Fp (represented as polynomials in trace form). In this article an equiv-
alent but more involved procedure in the framework of functions from Fpn
to Fp is developed. In particular we obtain the first direct construction of
not weakly regular bent functions in univariate form. We take advantage
of some infinite classes of partially bent monomials and binomials with a
2-dimensional linear space, to construct (not) weakly regular bent functions
from Fpn to Fp with a simple representation.
5 Appendix
Example 2 Let g be a root of the primitive polynomial x4+2x3+2 ∈ F3[x].
Then by Lemma 3, the functions
f0(x) = f2(x) = Tr4(g
4x28) and f1(x) = Tr4(2g
4x28)
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from F34 to F3 are 2-plateaued. For both functions the linear space is
Λ = 〈β1, β2〉 with β1 = g
2, β2 = g
3 + 2g + 1. We then have Tr4(β
2
1 ) = 2,
Tr4(β1β2) = 0, Tr4(β
2
2) 6= 0. With Proposition 1 we get the near-bent func-
tions from V3 to F3
g0|3(x) = Tr4(g
4x28), g1|3(x) = Tr4(2g
4x28 + x), g2|3(x) = Tr4(g
4x28 + 2x)
with supp(ĝj |3) ∩ supp(ĝk |3) = ∅ if j 6= k. With Theorem 1, we obtain the
weakly regular bent function
F (x) = 2[(Tr4(γx)− 1)(Tr4(γx)− 2)g0(x) + Tr4(γx)(Tr4(γx)− 2)g1(x)
+ Tr4(γx)(Tr4(γx)− 1)g2(x)]
or alternatively
F (x) =

Tr4(g
4x28) if Tr4(γx) = 0
Tr4(2g
4x28 + x) if Tr4(γx) = 1
Tr4(g
4x28 + 2x) if Tr4(γx) = 2,
with Fourier spectrum {(−9)21, (−9ǫ3)
30, (−9ǫ23)
30}.
Example 3 Let g be a root of the primitive polynomial x3+2x+1 ∈ F3[x].
According to Proposition 2, the functions
f0(x) = Tr3(2x
2 + x10), f1(x) = Tr3(2x
2 + x4)
are partially bent functions from F33 to F3. For each function, the linear
space is Λ = 〈β1, β2〉 with β1 = g and β2 = 1. Again we have Tr3(β
2
1) = 2 6=
0 and Tr6(β1β2) = 0, but now Tr6(β
2
2) = 0, see Remark 2.
A: Put f2(x) = f1(x), then with Proposition 1 we obtain the near-bent
functions from V2 to F3
g0|2(x) = Tr3(2x
2+x10), g1|2(x) = Tr3(2x
2+x4+2g2x), g2|2(x) = Tr3(2x
2+x4+g2x)
with supp(ĝj |2) ∩ supp(ĝk |2) = ∅ if j 6= k. With γ = 2g, Theorem 1 yields
the weakly regular bent function
F (x) = 2[(Tr3(2gx) − 1)(Tr3(2gx)− 2)g0(x) + Tr3(2gx)(Tr3(2gx) − 2)g1(x)
+ Tr3(2gx)(Tr3(2gx) − 1)g2(x)]
=

Tr3(2x
2 + x10) if Tr3(gx) = 0
Tr3(2x
2 + x4 + 2g2x) if Tr3(gx) = 2
Tr3(2x
2 + x4 + g2x) if Tr3(gx) = 1,
13
with the Fourier spectrum {(−33/2i)9, (−33/2iǫ3)
12, (−33/2iǫ23)
6}.
B: Put f2(x) = 2f1(x) = Tr3(x
2 + 2x4), such that the nonzero Fourier
coefficients of f1 and f2 have opposite signs. Again with Proposition 1, we
obtain the near-bent functions from V2 to F3
g0|2(x) = Tr3(2x
2+x10), g1|2(x) = Tr3(2x
2+x4+2g2x), g2|2(x) = Tr3(x
2+2x4+g2x)
with supp(ĝj |2) ∩ supp(ĝk |2) = ∅ if j 6= k, and then with Theorem 1 the not
weakly regular bent function
F (x) = 2[(Tr3(2gx) − 1)(Tr3(2gx)− 2)g0(x) + Tr3(2gx)(Tr3(2gx) − 2)g1(x)
+ Tr3(2gx)(Tr3(2gx) − 1)g2(x)]
=

Tr3(2x
2 + x10) if Tr3(gx) = 0
Tr3(2x
2 + x4 + 2g2x) if Tr3(gx) = 2
Tr3(x
2 + 2x4 + g2x) if Tr3(gx) = 1,
where again γ = 2g. As one would expect, the unique polynomial represen-
tation of this not weakly regular bent function does not look very simple:
F (x) = g8x24 + g3x22 + x21 + x20 + gx19 + g17x18 + g11x16 + 2x15 + g16x14
+ g3x13 + g8x12 + g9x11 + g5x10 + g3x9 + g20x8 + x7 + g23x6 + 2x5
+ g21x4 + gx3 + g9x2 + 2x.
The Fourier spectrum of F is
{(33/2i)3, (−33/2i)6, (33/2iǫ3)
3, (−33/2iǫ3)
9, (33/2iǫ23)
3, (−33/2iǫ23)
3}. The al-
gebraic degree of F is 4. We remark that F attains the upper bound on the
algebraic degree of bent functions, see [3, 8].
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